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1 * W Composition 

df Forces 



' ' ' • \ ■■ ' ■ 

1,1. Principal Assumji^cM^ ^ 

In this chapter we shall prove several theorems of geometry u^ng the 
i fundamental concepts and certain laws of statics. We will dcfipe the 
terms immediately. 

L Force is a vector and is characterized by magnitude, a direction, 
and a point of application. The line along which a force acts is (^cd its 
^ line of action. 

^ 2. A body which cannot be deformed— that % which always keeps 
its and shape— is said to be absolutely rigid. 

A^ually, every body is capable of being deformed to some extent, 
but these deformations are frequently so small that they can be neglected. 
The concept of an ai^olutely rigid body is an idealization. One fre- 
quently omits the worS absolutely and speaks simply of a rigid body, 

3. A collection ofwrc^ acting on a body is called a system of forces, 
A system of -forces is said to be in equilibrium or an equilibrium system 
if no motion is 'caused when the system is applied to an absolutely rigid 
body at rest. 

4. Two systems of forces are saijd to be equivalent if they cause the 
same motion when applied to ao absolutely rigid body. ^ 

From this definition it follows that, for all practical purposes, a 
system offerees acting oh a rigid body can be replaced by any equiva- 
lent system without altering the discussion. 

5. If a system of forces is equivalent to a single force R, we say that 
the force R is the resultant of this system. 

Note that not ever^ system of forces has a resultant. The simplest 
example of such a system of forces is called a coupt^ of forces, as iUus- 
trated in figure 1.1. v. 
• In addition to the above concepts, we use the following rules (axioms) 
of statics: • ^^v^ ^ 

1 
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4 Rule IJ, Twofi^ces Fi aw^Fg acting at the same paint have a re- 
sultant R which acts ai the point and is represented by the diagonal 
of the parallelogram having the fprces Fj and Fg as hdjacent sides (fig. 

1.2). ; . , ' 



F' 

Fig. 1.1 




Fig. 1.2 



This construction is oftes called the parallelogr£m law for forces. 
The rule allows one to exchange the forces and Fg for the force R 
and, conversely, to exchange a given fors» R for fprces Fj and Fg, In 
the first case one speaks of the composiiion'of forces, and in the second^ 
of the resolution of the force R into the components F^ and Fg. (This 
resolution c^n be carried out in an infinite number of wa^/sini^ it is\ 
possible to construct infinitely many parallelograms with a given 
diagonal R.) , 

Rule L2. If we add any equilibrium system to a system of forces ^ or if 
we remove an equilibrium system from a system of fgrces, the resulting 
system will be equivalent to the original one. 

In particular, this implies that a collection of equilibrium systems is 
an equilibrium system. 

Rule L3. Two forces are in equilibrium if and only if they have the 
same magnitude^ opposite directions^ anJ a common line of action (figs. 
IJ and 



fr 

Fig. 1.3 , Fig. 1.4 ' ♦ 

Rule 1.4. A force acting on a rigid body can be arbitrarily shifted 
along its line of action. 



The Composition oj Forces ^ 3 
• * - • ' 

In other words, if forces F and have the same magnitude and dir^ 
lion and a common line of action, they are equivalent (fig.'l.S). The con- 
verse is also tru#: If the focces F and F' are equivalent, they have the 
same magnitude and direction and a common Kne of action. ^ 

Rule 1 .4 im plies that for for«s acting on a 
rigid^b6dy,^the point of application is un- 
important ; rather, the line of action d^rmmes 
the resultant fon^. The VKtor of :a force 
acting on a rigid body is therefore called' a 
sliding vector. 

- Rule 1.4 thus enables one to add forces 
whose points bf application »are different, 
providing their lines of action intersect* Sup- 
pose that we have to add forces Fi and Fa 
(fig. 1.6). Since the vectors of th^ forc^ are 
' sliding, we can translate them to the point O 
and then use rule l.I to obtain the resultant 
S of the forces Fi and Fg, by completing the 
parallelogram. 

Fr6m rules 1,3 and 1.4 we deduce the 
following important proposition: 

Proposition I . U If three nonparallel and coplanar forces acting on a 
rigid body are in equilibrium^ then their lines of action intersect at a single 
point, . ^ 

For suppose that the forces Pj, P^, and ^ are in equilibrium with one 
another (fig. 1.7). Translating the forces Pj and Pa to the point O, we * 
0 ^ . . I 




Fig. 1.5 





Fig. 1.6 

I. Rule 1.4 can be deduced from rule L3. Wc have n5t done thisr however 
since both rules are equally intuitive. 
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obtoin their resultant Ris^, Tbt foK^ P3 and Ria are now in equilibrium. 
But this is possible only if they have a common line of action. Thus, the 
line of action of the force Pg passes through the fxjint (?— thai is, the 
linw of action of all thtte forces meet one another,at this iK)int- 

U^g this prop<^tiou; we shall now prove some theorems of gcoita- 
etry. ^ ' ^ ' ' 

iX AThsmrnn chi the Ai^e Bi^ors of a TrUnglO 

Let us consider six equal forces Fi, Fa, . . .vF^ acting along the sides 
^f a triangle, as shown ia figure 1.8. Since these forces cancel one 
another in pairs, they ai« cl6arly in equilibrium, an4 therefore, the 
resultants "Ri 6, *R23, and R45 are also^m ^uilibrium. Buf the forc^ 
Ri8» Rast directs! along the bisectors of the interior angles 

A, B, and C (The paralldo^ms are rhombi, and the* diagonal is an 
angle bisector.) This leads, consequently^ to the following theorem : ' 

THEOREKf 1.1. The bisectors of the interior angles of a triangle inter- 
sect at a point. 




' Fig, 1.8 FiS- 1.9 



Another Theorem on the An^e Bisectors of a Triangle 

Let us consider the sixe)jml forces Fi, F2, . . Fg shown in figure 1.9. 
These forces are in equilibrium since each of the three* gairs of forces, 
taken consecutively around the ^riangle, are in equilibrium? But the re- 
sultant of the forces F^ and Fg is directed along the bisector of the 
exterior angle A, and the resultant of F4 and Fg is directed along the 
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bisector of interior an^e C. The resultant of Fa and Fg is directed along 
the bisector of interior angle ^.'therefore, the following theoremiolds: 

Thieorem 1.2. Tfie bisectors of two exterior angles and an interior 
angle of a triangle intersect at a points 

X 1.4, A. Theorem 00 ti» Altitudes of a Trianssle 

In figure 1. 10 we have drawn a triangle ABC, with the forces Fi, Fjj, 
. . . , Fe acting along the sides. We have chosen these forces so that the 
following equalities hold: 



f^=^f^=zf cos A , 
= F^ :^ FcosB, 
= Ffi = FcosC, 



(1.1) 



where Fis sogie convenient unit dimension for forc«. (Note that we are 
using the convention where an F denotes a vector, and F its corre-; 
sponding magnitude.) Since the forces Fj, F3, . . . , Fq are in equilibrium, 
the lines of action of the resultants R^, Rg, and Rc shown in. the figure 
must intersect. We shall find the dir^tions of these resultants. 




* . ' ^ Fig. 1.10 

For example,.let us add the forces Fj and Fq, which act at^the vertex 
B (fig, 1,11). To do this, we resolve each of these forces into two com- 

• ponents, one parallel to the side' v4C and the other perpendicular to it. 
> The first of these components we shall call Iterizpntal, and the second, 

vertical. From' figure. >,1 1 it is clear that the h#izontal components of 
the forces F^ and Fg are equal to Fx cos C and Fq cos A, 6ut from {I A) 
it follows that , ' 



Fi _ cos A 
Fq~ cos C 
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Hence, * 
• * 

Fi cos C Fe cos y4 , 

Thus, horizontal components of the forces and Fg are the same. 
From thiTfact we conclude that-they cancel one afiother^d, therefore, 
the resultantft^f the forces Fj ai^d Fg i$ perpendicular to side AC. There- 
fore, the force is directed along the altitude perpendidilar to AC- 

Analogously, we may deduce that forces and Rc He along the two 
other altitudes of the triangle ABC. We thus arrive at the following: 

Theorem 1.3, 7^ altitudes of a triangle intersect gtn single point. 

- 1.5.All»ore«,o,tteM«U«»„f.T™ngIe^ ^ 

Let us consider forces F^, Fg, . , , , Fg, apting as shown m figure LI 2. 
Suppose that each of these forces has a magnitude equal to onc-haJf the 
length of the corresponding side of the triangle. Then the resultant of the 
for«xs Fi and ¥& will be represented by the median drawn to side BC; 
the resultant of fo^^ Fg an^ F^ will be represented by the^nedian drawn 
to side AC; and tpi resultant of forces F4 and F5 will be represented by 
the median drawn to side AB, since similar triangles afe formed by the 
parallelograms of forces shown in figure 1.12. The forc^ F^, F2, , . ., Fq 
are in equilibrium, and this leads fo the following theorem: 

^Theorem 1.4. The medians of a trjangle intersect at a single point. 

J . 




i 

1.6. A Generalization of the Theorem on the Bisectors of t{^e Interior 

Angl^ of a Triangle 

Suppose that we are given the triangle A BC. Let us draw a straight line 
a dividijig angle A into parts «! and a^, a straight line b dividing angle B 
into parts and fi2, and a straight line c dividing angle C into parts yi 
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andVa (fig. 1.13> Wc apply to poict A an arbitmy force Ri dim^ 
ajpug the line a and resolve this force into component Pi and Qi direc- 
ted ilong the sides AC and AB. Simiiafly, weapply forcw Ra opd R3 
directed along the lines b and c to the points 5 and C and resolve these 
forces into components P2, Qa and P3, Q3. W.c require, however, that 
the component Pa cancel the component Qi and that the component P3 
cancel flie component Qa. In this way wc obtain a system of forc^ 
(Ri, Ra, R3) equivalent to the system (Pi, Q3). 
Con^der now thtg^^wing ratios: 

sinai sinjSx^ sin yi • " 

sinya' ^ 



sm 



^in oa ' 

From the parallelograms at the vertices A, B, and C, we deduc^that 



Sin cti 



sin yi 



e_3 



sin ya 
and, therefore, t|iat 

sin aj sin jS^ sin ^'^^ Qs 
sm oa sin jSa sin ya Fi ' 

But since Pa = Qi and Pg =^ Q2, 

sin ai sin /Si sin yi 




Fig. IA3 



sin sin ^3 sin ya Pi 



(1.2) 



Two cases axe possible. 
Case L 



sin ui sin ^i sin y^ _ ^ 
sin oca sin sin y^ 



(1.3) 



Then Pi = 03. That is^ the forces Fi and Q3 are in equilibrium; conse- 
quently the forces Hi, Ra, R3 which ai| equivalent tp and Q3, are in 
equilibrium. From this''fact we then conclude that the lines a, b, and c 
intersect at a single point. 
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Case 2. ' - ^ . 

sin sin sjn Vi ^ y 
sin oa sin ^Juny^ ' 

w 

Then, according to equation (1.2), Pi ^ Qs, We shall prove that in this 
»case the liiH^a, b, and c cannot intersect at a single point. Suppose that 
they intersect at a single point O (fig. 1.14). Then, translating the forces 
Ri, Rg, and R3 to the point <?, we find their resultant R', which wilt also 
act at 0. Furthermore, since thfe system (R^, Rg, R3) is equivalent to the 
system (Fi, Q3), the i^ultant It must be equivalent to the nonzero 
resultant of the forks' Fi and Q3. This is impossible since the resultant 
of the forc^ P^, Qg lies on the line AC, and the line of action of 'the 
force R cannot coincide with tte line AC (since the p'oint O does not lie 
on this jine). From this coiitradiction, we conclude that ,the lines a, 
Z?,.and c do not intersect at a single point. 

Thus, the lines shown in figure 1.13 intersect at a single point only 
when equality (1.3) is valid. In other words, the lines a, b, and c intersect 
at a single point if and only if condition is satisfied. " ^ 

The theorem just proved may be regarded as a generalization of the 
theoreni on the bisectors of the interior ^angles df a triangle! [In that 
theorem, not only dc^s condition (1.3) hold, but also each of ihe 
individual factprs (sina^/sin ojj, sin^i/sin^a, siny^/sinya) is equal to 
one.] . * 

This theprem also implies the theorem on the altitudes of a triangle 
(fig. 1.15). If lines a, b, aiffi c are drawn as altitudes, then 

sin _ cos'C sin Pi _ cos A sin yj _ cos ^ 

sin ~ cos B ' sin ^ cos C \ sin ya " cos A ' 
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/Taking the product, we find that 

mx .ai sin sin _ cos C cos ^ cos ^ _ j 
• sin oa sin jSa sin ya cos £ eos C cos A ^ ^ ' 

Consequently, the altitude^ of a triangle intersi^t at a single point 

1,7. Ceva's Tbrarem 

Consider tie triangle ABC (fig. LI 6). Suppose that forces Fi and 
act along the sides AC and AB, and that theip^esultant acts along line 
A A I, We draw the line DE parallel to side BC and resolve Fi into, 
components Fi' and F/, and Fa into components Fa' and Fa*, From the 
similar triangles formed, it is evident that ^ 



Therefore, 



ii^M: and = 
F,- CA Fa AB 



Fl = F.-^ and ^ = 



But since the resultant of the forces F^ and F3 is directed along AA^, 
Fx — Fa'; consequently, 

CA AB 

or 

Fi CA BA^ 



Fa ABA^C 



(1.4) 



This relation will be needed later. (It is easy to remember because the 
right side of this equation can be obtained by circling the triangle CAB 
clockwise.) 

Let us now determine A^, Bu and Cj on triangle ABC (fig.»J.I7). At 
the points A, B, and C we apply forces Ri, Ra, and R3 directed along 
lines AAu BB^, and CC^, and we resolve these forces into components 
directed along the sides of the triangle. The force Ri is chosen arbi- 
trarily, but the forces and R3 are chosen so that the equalities 

P2-^ Ql.^ P3= Q2 (1^5) 

are satisfied. ^ 

Applying relation (4,4) to each vertex, we have that 

Q^^ AJiA^C /Q^~BCB,A' Q;,^CAC,B' 



G 
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Fig. 1.16 

We next multiply these equalities to obtain 

Pif^ Ps BA^ CB^ AC^ ^ ^ 

■ / ;. 

or, canceling equals given in (L5), and com^^ting, 

/ ^ 

Cj£ AiC BiA ^ ^^'J 
We again consider two cases. 



(1.6) 



Case I. 



ACi BA^ CBi 



\ I / • 

Then Pi ^ Qq, that is, these fc/rces are in equilibrium. Consequently, 
the forces Ri, R,, and R3 are in equilibrium; and, thus, the lines AAx, 
BBu and CCi intersect at a ^ngle point. 
Case 2. ' 



AC^BAiCB, 
C\BA^CB^A 



^ 1 



Then according to (1.6) the forces Pi and Q3 are different. Repeating 
the argument of the preceding theorem, we deduce that the lines A^Ai, 
BBil and CCi do not intersect at a poin^. 
Thus the following thteorem: ^->^ 

TriiiOREM i.5. For the lines AA^ BB^, and CC^ to intersect at a single 
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point, it is necessary and sufficient that eqMtion (L7) be valid. This result 
is'lmown as Cem's th^rem.^ • ^ 

Jht theorem on the meiians of ^triangle is a spec^ case of Ccva's 
theorem, since, iif the case for mcdiggg, 



A,C 



= 1 



Inbther words, Ceva*s theorcn^ can be considered % generalization of 
the theorem on the medians. 

From Ccva's theorem it is al^ easy to obtain the previous theorem on 
the biseaors of the interior angles of a, triangle. In this case 

:^B^ BC A,C AC B^A ^ AB' 

X — 

and, consequently, 

C^BA^CB^A BCACAB ' 
Equality (1.7) is satisfied, and wc may apply Ceva's theorem. 



1«8« The Resultant and Its Point 
, of AppBcatimi 

Wc should mak^ one more re- 
mark concerning the concept of 
the resultant. Suppose that the 
force R is the resultant of forces 
applied at different points of a 
rigid body. Since the vector R is a 
sliding vector, we can change its 
point of application by traijslating 
it along its line of action. But ^ncc 
the force R has^no actual point of 
application (as it is not directly 
apfSIicd), any point on its line^of 
action may be taken as it§ point 
of application. Thus, the resultant 
of forces applied at various points 




Fig. 1.18 



2. By extending the lifies forming the sides of the triangle, Ceva*s tl^rem may 
be generalized to the case where the lines A At, BBu and CCi inttr^t outsiJe the 
triangle ABC. The same is true, by the way, of the thcf:>rem of section 1 .6. 
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12 ^ The Composition of Forc^ 

of a rigid body has a definite lin^ of action, but not a definite point of 
application. 

To illustrate this statement, let us consider forces F^, Fa, and F3 as 
shown in figure' LI 8. To find their resultant, we first add the forces Fj 
and Fg and then add iheir resultant R12 to the force F3, In this way we 
finally end up vwth a resultaht R applied at the point 'C We now proceed 
in another way: First we add the forces Fj and F3, and then we add their 
resultant R^g to the force Fa. We tlieni obtain a rpsultant R' acting at the 
point D. Thus, different methods of adding tlie forces F^, Fa,"andT3 
give reSujtajlts with difi'erent. points of application. (One can^^-assert, 
however, that the foJrces R and R' have ^je same line of action and that 

Prom this argun^ent we deduce the foilowing'rule: 

RuLH 1.5. Suppose that by adding f(^ces in various. orders we obtain 
different points of application fo^ their resultant. Then tfilese poUAs will be 
cottinear, and the line formed will coincide, with the line of action of the 
resultant. 

We shall qow use this rule to prove two theorems. 

1.9« A Tliini Theorem on the Angle Bisectors of a Triangle 

Suppose that the forces F|, Fa, and F3 have equal magnitudes and act 
along the sidea of triangle ABC (fig. 1.19), We shall fmd their resultant. 

B 




Fig/ 1.19 

-» 

Composing the forces Fj and F^^, we obtain the resuUant Ri2» which is 
directed along the bisector AD. Composing the force R^a with the force 
Fg, we then find the resultant of the forces Fi, Fa, and F3, and this 
resultant will act at the point 

. If we add the forces Fi and F3 first, we get the resultant R13, which will 
lie on the extension of the bisector CE. Next we add the forces R13 and 
F2, and again obtain the resultant of the forces Fi^ F2, and F3. This 
time, however, the resultant acts at the point 
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Suppose combine the forces Fa^d F3 .first- We then have t^6 
resultant R33, which wiii lie dong the bis^tor of the exterior angle 
B. Composing the forocS R23 and Fi% we obtain a resultant which acts 
at the poinf ' 

Thus,, adding the forces Fj, Fa, and E3 iA three^diffcrent ways, we 
.obtain resultants acting^at the poirfts D, E, and iT.^Consequently, the ^ 
*pb£te D, and are (xsUincar. By defining the base of an a^^gle bi- 
sector to be its point of intersection with' the opposite side, we have the , 
theorem: 

Thtorem 1.6/ Th(s bases of the iisectors of two interior cmgles and^ 
one exterior mgle of a triangle Jomi a straight iine.^ # ^ 

1.10. A Fourth Uteorem 00 the Anj^e Bisectors ^f a Triai^ 

By carrying out a similar argument for three forces of equal magni- 
tude, Fi, Fa, and F3, acting as shown in figure 1,20, we may then prove 
the theorem: - ^ . 

Theorem 1.7. The bases of the bisectors of the three exterior angles 




Fig. 1.20 Fig. l,2i 



3, We assume tfiat the bijicctor of the exterior angle intersects the opposite side 
—that is, is not parallel to this side. This remark is also applicable to the next 
theorem. 



Hie PerpetM 

Modbil 

Postulate 



^ It is possihle to pf^ cwtain geometric tl»orems uang the' postulate 
that perpetual motioii is impossihlc. This chapter will demonstrate 
several theorems of this sort « 



2.1. Tbe Moi^tt of For^ 

' In addition to the postulate on the impossibility of perpetual motion, 
we will need the law of moments. We sha^ first state this law. 

Suppose tjiat a body is under the in- 
fluei^ of a force F and can revolve about 
the z-axis (fig. 2.1). The rotational motion 
caused by. a force F is determined by its 
moment with respect to the z-axis. To com- 
pute this moment, we resolve the force F 
into components F and F*, with the first 
component lying in a ^lane perpendicular 
^ to the z-axis, and the second parallel to the 

\. y « axis. The rotational motion caused by the 
l^jg"^ component F* is clearly equal to zero, ajitl 

^ the rotational action of the component F' 

Fig. 2.1 is measure by the product of vector F' by 

the scalar fi?, where (/is the distance^tween 
the z-axis and the' line of action of the force F'. This product, denoted 
by FV, is sometimes referred to as the' torque, and in this text (for 
clarity) will be called the moment of the force F pith respect to the z-axis. 

.Since, the ^orce F' is the projection -of the force F onto the plane F, 
we can give the following definition of moment: 

14 • 
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DEFmmoN 2.1. The momenfof the force F with' respect to the z-wds 

is the product Td, where is the projection of the /orce F onto the pla^ 

perpendicular to the z-axis, and d is the distance between the z-axis and 

the line of action of the projection ♦ 

* Thus, . 4 

whcfe is the moment of the force F with respect tB the 2-axis. 

It follows from the <Jefinition that the moment of force is equal to 
zero in only two cas^ when the line of action of th^or«» F intersects 
'the z-axis, of whei^ it is parallel to the axis. ^ ^ 

If^as 4iSfiiI?^tly occurs, the foroe F has a line of action that lies in a 
plane perpendiciriar to the 2'-axis, then = F anci, therefore, 

• Mj(rx=^Td. ^ ' 



i 




In this case the distani^ £/ is called the arm of the for-c^ 

We assign a definite sign to the moment ^of force. J^r this purpose 
we designate one of the directions of rotatioxnas positi^^e, and the other 
as negative. Then if the force tends to rota^the body in the positive 
direction, we consider its momentum positiv^and in the opposite c^se, 
negative. Therefore, we can write 

Ma(F) - ±rd, 

where the sign is determined by the dir^ion of rotation. 
The following two rules will be needed: 

^ULK 2.1. // R is the resultant of the system (F^, F3, . . FJ, the 
moment of force R is equal to the vector sim of the individual moments of 
/(?rce5 Fi,F2, . . .,F^.^ ^ ... 

This rule may be written in the form 

Mm - M,(F,) + A/^Fa) + • • ■ + A/,(FJ , (2.1) 

where MJR) denotes the moment of the force R with respect to the 
. z-axis. r 



L This proposition is known as Varignon^s theorem. Varignon's name is also 
given to the theorem about segnrcnts joining midpoints of the sid« of a quadri- 
lateral. 
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Rule 2.2. (The law of momenjfs.) Suppose thai a rigid body cm rotate 
abo^t a fixed axis. In order for fohes^ acting on it not to cause rotation, 
it is necessary and ^^cient tfmi vector sum of their moments equal 
zero. • 

s 

(In other words, the moment of the fon^ tending to rotate the body 
in the positive direction must have the same magnitude as the moment 
of the forc^ tending to rotate it in the negative direction.) 

A Tbeorem on the Perp^cnlar Bis^rtors of die Sides of a ^ 

Ttigi^Ie 

Consider a container having the form of a right triangular prism 
^i^iQ^^a^aCa (^g. 2.2).' Imagine that it is filled with gas and that no 
external force^, not even gravity, act on it. (We can assume, for example, 
that it is located far from the earth and the heavenly hc4fts.) If we 
consider all the forces exerted on the container, we conclude that the 
net resuhanr must be constant, since no external force is appli^.^incc 
we have postulated that perpetual motion is impossible, this constant 
resultant must be zero. Thus, the container will i^ain in its initial 
state at rest. Consequently, the forces that the gas^xerts on the walls 
must be in the equilibrium. 

But ^nce the pressures on the two parallel faces clearly balance one 
another, the forces exerted by the gas against the side walls of the con- 
tainer must be in equilibrium. We may represent these forces by F^^, 
Ffic, and F^^:;, which lie in the plane defined by triangle ABC, and have 
points of application at the midpoints of their respective sides. Since these 
forces are in equilibrium, by our firajt/proposition, their lines of action 
must intersect at a single point. Noting that the vectors F^s, F^ci and F^^ 
are perpendicuiaf to the sides of the triangle ABC, we have the following: 

Theorem 2.1. The perpendicular bisectors of the sides of a triangle 
intersect at a single point. 

I 

2.3. llie Pythagoreiii llieorem 

Consider now a right triangular prism whose base is the right triangle 
ABC {fig. 2 J). We fill the container with gas and allow it to rotate about 
the vertical axis 00' (the ABC plane is considered horizontal). Since 
perpetual motion is impossible, the container will remain in its initial 
state at rest, and the forces caused by the gas on the side walls of the 
container must be in equilibrium. Each of these forces tends to rotate the 
container about the.OO' axis: the forces F^ and Fa counterclockwise. 
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Fig. 2.3 



and the force F3 clockwise. Therefore, the sum of the rotational mo- 
ments of the forc^ and must equal the rotational monjent of the 
force JF3. Since the anas of these forces are equal to ABjl, BCjl, and 
ACI2, respectively, we may use our formulas for rotational moments, 
' and equate magnitudes^ to obtain 



But 



AB BC AC 



F, =^p{AB-h), 
F^=p{BC-h), 
F3 =^ p{AC h), 



(2.2) 



where p is the pressure of the gas and h is the height of the container. 
Substituting, we find that equation (2.2) now takes the form , 



p{AB h) ~ + p{BC^ ^) X " p{AC^h) ~ , 



Multiplying by the constant Ijph, we have 



THus, wc have proved the following theorem: 

Theorem 2.2. The siafi of the squares of the legs of a right triangle is 
equal to the square of the hypotenuse. 
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It is possible to ^n^^alize to the law of cosines by substituting an 
arbitrary triangle for the ri^t trian^e used in this proof. However, 'wc 
shall now turn to a couple of ^ometric theorems dealing with circles. 



2.4. A Theorem on Taog^its and Secan^ 

Suppose that a gas*lil!ed vessel has a base whose shape is the figiu^ 
ABC (figure 2.4^hows the view from alK)ve; the plane ABC is hori- 
zontal). The v^sel.has height A as m^ured along any of the vertical 




sides joined to the lines AB, AC, of the axc^BC. Thus the vessel is a 
boxlike container with cross-sectional sha{^||^^t^«&uppose, further- 
more, that the vessel is^'tilhtly fastened to the rod J; and that this rod 
/is fastened ilb the vertical axis O. In this way, we allow the vessel to 
rotate about this axis. As in the preceding section, the vessel will remain 
at rest, and, therefore, the sum of the moments of all of the forces 
acting upon the container must be equahto zero. But only two of these 
forces create rotational moments; the forces^Fi and F2 of the pressure 
of the gas on the waiis and AC. (The for^ of the gas on the curved 
wall BC do not contribute to the rof^tiqgm^oment, since each force 
has a Imc of action that passes^ through the axis O.) Using the fact that 
the moments offerees and F2 have opposite signs and that the arms 
of these forces are equal to BK and LM, we know that 



But BK - ABj2 and 



LC j^LA 
2 



LD + LA 



AD 

2 
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Consequently, 



.AB AD 



that is, 

}^yAB=^ F^ AD. (2.3) 

Furthennore, we have that - ^ 

, F^^p{AB'h) and F^^pCAC-h), * 

where p is' the pr^sure of the gas and h the height of the vessel Subsii- " 
tttting these expressions in (2.3), we obtain^ * 

p(AB'h)AB-^p{ACh)AD\ 
hence, ' . * 

AB^ = AC AD. (2.4) 

Returning to the circle, shown in figure 2.4, we see that the segment AB 
is tangent to the circle from point A ; segment ^Z) is a secant; and the 
segment AC \% the external part of secant AD, Thus, equation (2,4) ex- 
presses the well-known geometric theorem: 

Theorem 2.3. The square of the tangent to a circle from a point is 
equal to the product of a secant from that point times the external part of 
the secant. 



yLS. A Theorem oo Two Intersecting Chords of a Qrck 

Let- us replace the vessel just considered by the vessel ABD shown 
in figure 2.5. Repeating the arguments used in the beginning of the 




Fig. 2.5 

preceding theorem, we obtain the relation 
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Furthermore, ^nce « « 



2 2 2 



therefore. 



5t _ BE 



tliat is, , 



F^ BC^ Fa' BE, 



As before, however, 

F,''p{AB h), Fs '^-piDB h), 

and, consequently, 
hence, 



(2.5) 



Equation (2.5) expresses a well-known geometric theorem on two 
intersecting chords of a circle. 
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The Center * 
of Gravity, 
Potential Enei^, 
and Work 



In this chapter we shall compute the volumes and surface of certain 
bodies. Our discussion will make use of concepts involving potential 
energy, work, and properti^ of the c^ter of gravity. 



3.1. Hie Caiter of Gravity 

The resultant of two parallel forces Fi and Fa (fig. 3.1) is represented 
by a force R acting in the same direction, with a line of action passing 
through point C. This point, which may be considered as the point of 
^ application of the resultant R, is defined by the relation 



(3-1) 



Now let us consider a system of several parallel forces. For example, 
we shall fin<f the resultant of Jour forces (fig. 3.2) by adding them one 
by one. Upon combining the forces ¥^ and Fa, we obtain a force R' 




Fig. 3.1 
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acting at some point C\ which may be determined by relation (3.1); 
adding the forces R' and F3, we obtain a resultant R* acting at a new 
point and, finally, adding R' and F4, we have the resultant R, acting 
at some point C whose position may be determined by repeated use of 
equation (3vl). The force R will have magnitude equal to Fi + + 

In this manner, il-is possible to add together any number of parallel 
•forces to find their resultant and a point C at which the resultant acts. 
It can be proved that the position of C is independent of the order in 
which one adds the forces. This point is called the center of the given 
system of parallel forces. 

Let us consider a rigid body located in 
the vicinity of the earth (fig. 3.3). If the 
dimensions of this body are small in 
comparison with the radius of the earth, 
the forces of gravity acting upon its par- 
ticles are essentially parallel. We may 
therefore find a limit fx^int C of a se- 
quence of centers of arbitrarily large se- 
lections of parallel forces. This point is 
Fig. 3.3 called the center of gravity of the given 

body. AVe may consider it to be the 
point of application of the force P, which represents the- weight of th6 
body, 

^ We should make a couple of observations that follow directly from 
this definition of the center of gravity. First, if we translate or rotate 
a body, the ceqter point C is similarly translated; hence, relative to the 
body, the center of gravity remains fixedy/or'*' firmly attached" to the 
body under rigid transformations, 

Second, it follows from equationpH) that a proportional increase or 
decrease of all the forces in a s^tem of parallel forces results in no 
change in the position of the center C In other words, the center of grav- 
ity of a homogeneous body depends only on its size and shape. For this 
reason, the center of gravity is sometimes called the center of mass, 

K The center of gravity of a line ami a square, in mechanics, one 
speaks o^a material point, which is analogous to the geometric concept 
of a point. 

A material point is a point possessing a definite mass. 

The theoretical idea of a material point is a body having some measur- 
able mass, but no dimensions, (Sometimes these concepts^ actually occur. 
For example, in studying the motion ofthe earth about the sun, we can 
treat the earth as a material point.) 
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Similarly, we can intnxiuoe the coiu^ept of a material line. By this w 
shall mean a curve of finite length possessing a certain mass.)V/e shall 
rcpit^nt this mass by its distributipn along the length of the curve. 

In the same manner, we can speak of a materpil figure. By this we shall 
mean SLplanefigurepassessingadefinitemass distributed tkrot^houtitsarea. 

A material line may be visnali^ as a thin wire and a material figure 
as a thin plate. The thinner the wire or the plate, the closer it approxi- 
mates the material line or material figure- 



We may extend certain physical popcrties to "our discussion of 
material lines and figures. By determining the weight of a material 
object per unit length, or per unit area, wc may speak of the specific 
weight of the body. If the mass of a material curve is distriSutai 
uniformly along its length, the specific weight of this curve will be the 
same at all j>oints. We shall call such a material curve homogeneous. In 
the same sense we can speak of a homogeneous material figure. A thin 
homogeneous wire of constant diameter serves as a prototype of a 
material curve. Analogously, a thin homogeneous plate of constant 
thickness is a prototy^ of a material figure. 

Since a material curve and a material figure poss^ mass and conse- 
quently weight, one c^n speak of the center of gravity of a material line 
or a material figui^. If the material curve or the material figure is homo- 
geneous, the position of its center of gravity depends solely on its shap)e, 
and is independent of its specific weight. Therefore, the center of gravity 
of a homogeneous material curve can be called the center of gravity of 
the curve, and the center of gravity of a homogeneous material figure 
can be called the center ^gravity of the area (or the center of gravity of 
J th% figure). 

2. The center of pressure. It is not necessary to limit ourselves to 
forces of gravity when discussing the center of gravity of a thin plate. 





Suppose that the pressure p acts on 
one side of a figure of area 5 (fig. 3.4). 
Since the forces associated with this 
pressure are parallel, their resultant 



is equal to 



Fig. 3.4 



F-pS 



and acts at some point C, which is 
the center of these forces. This point 
is, therefore, called the center of 
pressure. To determine its position, 
"we^nust know the magnitude of the 
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force on any arbitrarily small area. But this force is equal to/? AS, where 
^S is the area of the cell on which the pressure acts (sometimes called ^ 
gaussian area). This is numerically equal to the weight of the cell, given 
that the material figure has a specific weight equal to /?. Consequently, 
any partition , of the figure yields forces of pressure having the same 
magnitudes as the forces of weight for a homogeneous material figure S. 
From this we may conclude that the point C coincides with the center 
of gravity of the figure 5. ^ 

Xhus, the center of a uniform pressure on a material figure is the same 
point as the center of gravity of the figure. This result will be needed in 
the proof of Guldin's first theorem. 

We shall assume the following propositions about {Potential energy 
in a gravitational force field: 

Proposition 3.1. The potential energy of a material point is equal to 
Ph, where P is its weight ofid h its height. 

Proposition 3,2, The potential energy of a material system is equal to 
the sum of the potential energies of its points. 

Proposition 3.3. The potential energy of a rigid body^iff^qual to Phc. 
where P is the weight of the body and is the height of its center of 
^avity. 

The first two of these propositions are the definitions of tjie potential 
-energy of a material point and a material system. It is important to note 
that the third proposition may be applied to material curves or material^ 
figures since these bodies have weight. 

3.3. The Centers of Gravity of Certain Figures and Curves 

To find the center of gravity using the method suggested by the defini- 
tion, one must carry out the addition of a large number of parallel 
forces. In certain cases, however, the center of gravity can be found by 
an indirect method. We shall do this for several simple figures and curves, 

1, A rectangle. It is known that if a homogeneous body has a plane 
of symrnetry, its center of gravity lies on this plane. Similarly, if a figure 
or a curve has an axis of symmetry, its center of gravity lies on this axis. 
Consequently, the center of gravity of a rectangle is located at its geo- 
metric center. ^ 

1. Consequently, the center of pressure of a rectangle is its geometric center. 
This fact was used several times in chapter 2 (for example, in the proof of Py- 
thagoras* theorem). 
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. 2. A circle. By a similar argument, the center of gravity of a drcle" 
li^ at iU center, 

3. A triangular region. Before 
Q generalizing to the case of a 

\^ triangle, we will 'decompose a 

trapezoid into a large number of 
narrow strips of uniform width 
\. (fig. 3.5). Each strip has a center of 
o gravity lying on the segment PQ 
Fig. 3,5 \ which joins the mi(^ints of ^e 

bases AD^md Bd: Makings the 
width of each strip infinitKimally small, we deduce that the center of 
gravity of the trapezoidal region lies on the line PQ, 

. Now suppose that the length of the upper base of the trapezoid 'Con- 
verges to zero. Then the trapezoid approaches a triangle, and the line 
PQ becomes a median (fig, 3.6), Consequently, the center of gravity of a 
triangle lies on its median. But since this is true for each median of the 
triangle, its center of gravity C coincides With the point of intersection 
of its medians. 

4. A circular sector. We now consider a circuW sector ABOf viewed 
as a material figure lying in the vertical plane (fig. 3.7). Suppose that.. 



Q 

Fig. 3.6 Fig. 3 J 

we have rotated the sector ABO about the center O by the angle B, and 
that its new position is A'B'O. Let us calculate the change in its potential 
energy. Suppose that the point C is the center of gravity of the region 
ABO, and the point C the center of gravity of the region A'B'O. The 
difference in potential energy between the positions A'BV and ABO is 
expressed by the formula 
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where P^o is tb« ^ght of the sector and /fc is the height of the point 
C above the horizontal lin» OD, (We have assumed that OC was 
originally horizontal.) But 

J^c— OC* sin S = C?C' sin 8 and Pabo =^ ^ J^ ^^ r ^= ^^'^ V f 

where y is the specific weight of the swtor, and 2« measure the arc 
length of the sector, in radians. Therefore, / 

^A'B^o - Wabo - S . (3.3) 

On the other hand, 

^A B^O = ^AUO + WaB O and WjuiO = Wab^o + WbB'O ' 

From th^ equations we get 

Jfx'B'O - WaBO = ^A'AO - ^BB^Q - {3-4) 

But since the regions A'AO and B'B0 are congruent, the difference 
Wji Ao - W^s'so repre^nts the change in potential energy of the sector 
B'BO after being translated to the position A'AO. From the symmetry 
of the diagram, we have 

H'x'xo - Wbb^o - 2Hs Pa'ao (3.5) 

where P^ jio is the weight of the sector A* AO, S is its center of gravity^ 
and fJs is the height of the point S above the line OD. Furthermore, 
since 

Pa AO = ^ y is radians) 

and 

Hs = OS sin + , 
equation (3.5) takes the form 

0 
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Combinrng this rwult equation (3.4) and (3.3), we have 



or. 



OC ^ OS-^^^^'^.' (3.6) 



This eqxiation allows us to compute OC, Siiu» equatit)Q (3-6) is valid 
for arbitrary 5 and, in particular, for S as small as /pteasc, wc may 
write 



But 



[ a sm 0 



sin (a + S/2) sin a 

lim - — — 



(3.7) 



and from calculus we know that ^ 
♦ 

lim = 1 
#-»o sm d 

Therefore, equation (3.7) becomes 

(?C= (limOs)^- (3.8) 

Furthermore, as S ^ 0 we can substitute the chord AA' for the arc A' A, 
and the triangle A' AO for the sector A' AO, Therefore, as 8 ->0, the 
point 5 approaches the point of intersection of the medians of this 
triangle. Since the medians of a triangle intersect at a point one-third 
of the distance from the base to the opposite vertex along the median, 
we may conclude that 

Iim05-|/J, 

2. This equation is contained in n^y textbooks on trigonometry (it is usually 
written in the form Iim*^o ({sin S)/8) = 1). It expresses the intuitive fact that as an 
arc of a circle converges to zero, the ratio of its length to the length of the choni 
spanning it converges to unity. 



34 



28 . The C^tex of Gravity, Potential Energy, and Work 
Equation (3.8) now takes the fonn 

3 ix 



(3.9) 



Formula (3.9) defines the position of the center of gravity of a circular 
sector. 

5. A fuUf-disc. Setting c^ = 7r/2 in formula, (3.9), we obtain 

4R 



OC^ 



377 



(3.10) 



This equation defines the position of the center of gravity of a half-disc 
(fig- 3.8). 





Fig, 3.S 



Fig. 3.9 



6. A circular segment. Suppose that a homogeneous material figure 
has the form of- a circular sector and is located in a vertical plane (fig. 
X9). The sector OADB is divided into the triangle OAB and the segment 
under investigation^, A DB. 

We allow the sector to rotate about the horizontal axis OD, and 
compute the moment of the forces of gravity acting upon it. Denoting 
the moments of the corresponding figures by Mq^qq, ^adb^ and 
AfoAfi, we may write 



A/. 



OADB 



Made + 



OAB 



(3.11) 



But the moment of any system of forces and, in particular, of the forces 
of gravity, is equal to the moment of the resuhant of the system (refer to 
rule 2 J ; specifically, equation (2,1), on p, 15). We employ the formula 
M,(¥) ^ Fd, to obtain 



MoADB 
^AHB 
f^dAB- 



ySoAB'OC\ 



(3.12) 
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where 5 is the area, y is the spwific weight, and C, C\ and C* are the 
centers of gravity of the segment, the triangle, and the sector, respec- 
tively. Substituting (3.12) into (3.11) and canceling y, we have^ 

SoADB OC ^ S^^'OC + SoAB OC . (3J3) 

Furthermore, we khow that , 
Sqab = « cos a, SojiDB = 9 

OC « ii? COS a , and OC = |/? ^ • 

In the last equation we have used fomula (3.9). The others are derived 
from simple geometry. Relation (3.13) now takes the form 

. R'^al^R » S^oB OC + sin a cos a(|i? cos a) , 

or, simphfying, 

, S^oa OC = sin a(l - 008=^ a) = ^R^ sin^ a , 

2R^ sin^ a 



OC 



35 



(3.14) 



ADB 



The equation obtained defines the position of the center of gravity of 
the'kegment. Since /? sin a = AB/i, we may write our formula in the form 



OC 



12S, 



ADB 



or, more briefly, 



OC 



JL 

\2S 



(3.15) 



where S is the area of the segment and / is its chord. 

7. An arc of a circle 




Fig. 3.10 



The center of 
gravity of a circular arc lies somewhere 
between the arc and the center of the 
circle defined by the arc. We may locate 
its position in the same way we found 
the center of gravity for a circular sector. 

Let us rotate a homogeneous ma- 
terial arc AB lying in the vertical plane 
about the amter point O by the angle B 
(fig, 3.10), The new position of the arc is 
A'B\ and its center of gravity shifts from 
C to C\ The potential energy of the arc 
is increased by an Amount 

W^B ^PabHc, (3J6) 
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where P^^ is the weight of the arc AB and He is the height of the point 
C above the line OD. But ^ 

He- = OC' sin 8 = OC sin 8 and = 2Rvy , 

where y is the specific weight of the material arc. Therefore, equation 
(3.16) may be written in the form 

W^,B-WAB = 2RaY0CanB. (3.17) 

.if 

As before, wc also have that 

and 
hence» 

H^4'B' - - W'^u - W^B'B - ^ (3-18) 

But since the ^rcs.A'A and B'B are congruent, the change in potential 
energy may be expressed as 

^A'A " Wq*q ^A'A^S 

where i'^.^ isihe weight of the arc A' A, Sis its center pf-^vity, arid Hs 
is the height of the point S above the line OD. However, 



Pa'a = and Hs = 05 sin 



Therefore, from equation (3.18), our formula for potential energy 
becomes ^ 

i^A'B' - ^AB = 2R^ OS sin + |) * (3.19) 

Equating (3.17) and (3.19), we have 

2/?ay OC sin S = 2/?Sy OS. sin + > 

or 

sin (a + a/2) S 



OC = OS. 



a sin B 
Taking the limit as S 0, wc obtain 



OC = (lim Os) ^ ' - (3.20) 
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But as S Ojibc point S converges to A and^ therefore, 

\imOS ^ R. 
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bs tit u ting this value in (3. we find 




(3.21) 



a 



8. A semicircle. In the case when 
= formula (3.21) b^x)mes 



0C= — 



(3.22) 



Equation (3.22) defines the position of 
,the center of gravity of a semicircle (fig. 
Fifr 3.11 3.II). 

. ^ Wc have now derived a number of 

formulas for the center of gravity of some simple figures. Wc will use 
these to compute surface area and volume of certain bodies. 

3.4, The Volume of m Cylindricil Region 

Suppose we generate a cylinder perpendicular to a closed curve lying 
in a plane. If another plane inters^:ls the cylinder so as to bound a 
single region, we have a rather special cylindrical solid with at least one 
base perpendicular to the generator. We wish to find a formula for the 
volume oHhis type of solid^. 

In figure 3.12, wc have drawn a cylindrical solid 
D' of this type, with a vertical generator and a hori- 
zontal base. Suppose that wc have lift^ it by a 
certain height h, so that it now occupies the posi- 
tion A*B'D'F\ Let us calculate the change in 
potential energy. 

Denoting the potential energy in the original 
position by W and in the final position by W^', we 
have ' 

W* - W Ph, 

where P is the weight of the solid and h the increase 
in the height of its center of gravity. Clearly, 

Fig. 3.12 h ^ AA' BB' . 





F' 
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Furthermore, supposing the solid to be homogeneous, we can write 

where V is tfec volume of the solid and y its specific weight. Conse- 
quently, 

- W^-^Vyh. (3,23) 

On the other hand, 
and, therefofe, 

W -W^ WsB'^^n - H'^'^'F . (3.24) 

that is, W - is equal to the difference of the potential energy of the 
bkxiics BB'D'Dmd AA'F'F. The volumes of these two regions are equal, 
and wc may denote this volimie by v. We will then have 

(3.25) 

where Ci and Ca are the centers of gravity of the volumes AAT'Fsim 
BB'D'D, and H^^ and Hq^ are the heights of the points and above 
the plane AF. Substituting the expressions (3.25) into ^uation (3.24), 
we get " 

»■ 

Furthermore, since the body AA'F'Fi& a right cylinder, v = Sh, where 
5 is the area of the base AF. Therefore, 

W' - Shy(Hc^ - Ha,) . (3.26) 

We %ow have two expressions for the change in potential energy. 
Setting them equal to one another, we obtain 

Vyh = ShyiHc, - Hc^) , 

or 

V = S(Ha^ - He J . (3.27) 
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We arc not finished, however, since equatioii (3.27) is valid for arbi- 
trarily small h, and V does not depend on h. We proceed by taking a 
limit: 

^ V - lim [SiHc, - He,)] = s(lim Ha, - Um //c,] . (3.28) 

We shaU compute the last two Uinits. First of all, it is -clear that 

lim Hc,-0. (3-29) 



4 



Furthermore, if h converges to zero, the pbints ^and D[ converge to 
the points B and D, and the body BB'D'D conVsrgcs to a plate of 
constant thickness constructed on the base BD. Therefore, as ft -> 0, 
the point converges to the center of gravity of a homogeneous 
material figure BD, or, in other words, to the center of gravity of the 
figure BD. Denoting this center of gravity by C, we get 

lim He, = He , (3.30) 

where He is the height of the point (/ above the plane AF. Substituting 
(3.29) and (3.30) into (3.28), we now find 

V = SHc. <3-3^^ 

In other words, the volume of the solid is equal to the area Qf its base 
multiplied by the Height of the center of gravity of the figure boundmg 

the solid on top. ' ' . 

This relation will be useful for the computation of certain volumes. 
We should make one further remark concerning the derivation of 
' equation (3.31). In this derivation we have assumed that h can be 
chosen so small that the points of the figure A'F' lie below the pomts 
of tfie figure BD. There are, howeve/," cylindrical regions for which it is 
impossible to do this for any h >]0. This will be the case when the" 
figure BD has a point in common with the base AF. An example of such 
a solid, labeled ABDF, is .shown in figure 3.13. The proof given cannot 
be applied to this type of solid, and this case must be considered sepa- 

However, we may extend ABDFto the solid A'B'BDF (fig. 3.^. We 
' will then have v ' - ' 

• y^, - v.r^ *y^«r " s-cc- . s ec; - s-cc%^^ 



in 
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Hg.3.13 



Fig. 3.14 



whcj« S =3 Sj^sf - Sji-B-y, and C is the 6cnter of gravity of the figure 
ABD. But CC is thg height of the point C above the plane ABF. Con- 
sequently, equation (3,32) be«>nies — 

^ Vabdf =r SH^ , 

f 

where He denotes the height of the center of gravity C ahovp the base 
of the solid Thus, relation (3.31) is valid for cylindrical regions 

of the form shown in figure 3J3, as well as those previously considered. 

Computing the volume of^ solid by means of equation (3.31)poses a 
particular problem— we must locate the center of gravity of the upper 
face. The following thei^rem may help make this task easier. 

3REM 3.1. Suppose thai a cylinder is bounded by a surface per- 
^dicular to the cylinder, with a center of gravity at C, and by a second 
surface with a center of gravity at C \ Then the line CC will be parallel 
to the generator of t^ cylinder. 

Proof Suppose that the line CC is n^t parallel to the generator. 
Then the cylindrical jegion may be positioned so that the generator is 
horizontal and the Jine CC inclined as shown for the solid ABDFin 



c 
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figu«3.15. If He and H^. denote the heights of tho-points C and C 
above some horizontal plane, then, by this constiw^on« 

Hci^Ho'. (3*33) 

Let us now displace the cylinder by a distana / in the direction of its 
generator. The new position will be A'B'D'F', and since the shift is 
horizontal, the potential energy of the solid remains unchanged. Thus, 

Wj^ia'D'f ■= ^ABDf • ' {334) 

But 

r « 

and 

and, therefore, equation (3.34) lakes the form 

WsB'V'D ^ WaA'F'F • (3.35) 

Using the notation as before, we have that 

where S and 5' are the centers of gravity of the bodies BB' Ef D and ' 
AA'F'F, respectively. Since Pbbdd = Paaff. substituting these 
. expressions into (3.35) yields 

ih = . (3.3$) 

' Now let / be very small As / converges to zero, the body BB'D'D 
will approach a homogeneous material figure BD, and the center of 
gravity C will converge to the center of gravity S of the figure BD. Con- 
sequently, 

Hm Hs - lie . (3-37) 



Similariy, 



lim Hs- ^ Wc- , (3-38) 

{-•0 , ' 



and from equations (3.36), (3.37), and (3.38) wc conclude that 

He = Ha- . 



36 



The Center of Gravity, Potential Energy, and Work 



But since this result ppntradicts relation (3.33), our original assumption 
that the line CC is not parallel to the generator of the cylindroid must 
be false. * W 

This proves that the center of gravity of the upper base of a cylindrical 
solid lies directly above the centjj: of gravity of the bottom base.^ 
We shall now compute the volume of two special cylindrical solids. 

1. We shall compute the volume of a prism, 
which may be viewed as a cylindrical region with a 
triangular base. Let C and C denote the centers of 
gravity of its bases. Then, by equation (3.31), we will 
have 




(3.39) 



Fi^. 3.16 
and, consequently, 



where S is the area of triangle ABD, Furthermore, 
since the center of gravity of a triangle is located at 
the point of intcrs^tion of its medians, 



Therefore, 



2FF' + SB' 



But since 



we have that 



AA' + BB' + DD' 



y - 3 

Substituting this expression into (3.39), our formula becomes 
^ .MA' + BB' + DD' 



(3.40) 



3, This proof is not applicable to the solid shoNvn in figure 3 J 3, However, the 
same trick used in figure 3.14 allows us to claim the result for the general case. 
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In general, for a triangular prism with at least one of the two end 
faces perpendicular to the length of the body, if S is the area of the 
' cross section, and Hu and //s arc the measures^of the heights along 
the length of the body, then the desired formula^^ volume raay be 
written as , 



(3,41) 




Fig. 3.17 



2. We next consider a regio^ obtained from 
a circular cylinder by a plane section passing 
through the diameter of the lower hsise (fig. 
3.17). Its volume is equal tp 



where C \i the center of gravity of the half- 
disc which forms thejpase of the solid. But, as 
we found earlier. 



OC 
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(see formula (3 JO) and fig. 3.8). Consequently, 

y ~ — tan a ^R^ tan a 

2 JTT 



(3.42) 



It is interesting to note that this formula for volume does not use the 
value of pi. 



3.5. The Volume of a Pyramid 

Let us consider a triangular pyramid, one of whose sides is perpen- 
dicular to the plane of the base (iig. 3,18). Since this is merely a special 
case of the prism shown in figure 3.16, we may find its volume by using 
formula (3.41). Setting //i = //^ - 0 and //^ - // in this formula, we 
have ^ , ^ 

Now suppose that we have a pyramiffwith a more general base, that 
is, any arbitrary polygon lying in a- plane (fig. 3.19). We may then divide 



38 



H» Center of Orav^y» Potential Ei^rgy^ ^4 Work 





' ' Fig. 3J8 Fig. 3.19 

it into several triangular pyramids of tte fonn shown in figure 3.18. 
The pyramid shown in figure S^J^ for example, can be divided into four 
such pyramids having the cd^ 00' in common. Computing the volume 
of each of th^ pyr^nids, we hdve 



Therefore, 

or, ; ' 

V=^iSH, ' (3.43) 

where S is the area of the base A BCD. Formula (3.43) is the familiar 
expression for the volume of a pyramid.* 

r 

3,6. The Volume of a Body of Revolii^on (GoMin's First Theorem) 

Let us consider a body obtained by the rotation of a plane figure Q 
about an axis lying in its plane (half of such a body is shown in figure 
3.20). We assume the axis OO' to be vertical. Let us* construct a new 
structure by adjoining to the body shown in figure 3.20 a cylindrical 
pipe, and assume the entire pipe structure to be hollow and connected 

4. We divided the pyramid shown in figure 3.19 into four pyramids of the type 
shown in fig ure 3.18. However, if a pyramid is very "oblique," the point 0 can lie 
outsidc!*!!Hhc base ABCD and such a d^omposition will not be possible. We will 
then need to consider th^ algebraic'' sum of pyramids rather than the ** arithmetic 
sum'* (that is, take the volumes of several of the pyramids with a negative sign). 
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by a narrow neck (figure 3.21 shows the top view ; the axis 00' is repre- 
sented by the point O). ^e insert a piston ABDE in the cylindrical part 
of the pipe and the piston KLMN iathe circular part We fill the cavity 
between the pistons with an incompressible liquid. Suppose that the 
force F acts on the piston ABDE, forcing it to assume the position 
A'B'D'E\ We compute the work performed by this force. ^ 



A' B* A B 




Fig, 3.20 Fig, 3.21 



Since the path traveled by the point of application of the force F* is 
equal to BB\ the work is equal to 

A = F BB' =^ F AA\ ' (3,44) 

The force F is equal to the pressure of the liquid on the wall AD. There- . 
fore, ^ 

F^pS^o, ' (3.45) 

f 

where p is the pressure of the liquid and S^n is the area of the piston 
face AD. Substituting this expression in (3.44), we have ^ ^ 

A =^pS^o'AA\ (3.46) 
and since S^^ AA' represents the volume of the section A'AD'D, 

A ^ pVa'ad^d^ (3.47) 

This is the expression for the work performed by the force F. 

Let us now compute this work in another way. We shall consider it to 
be the work performed by the force R pressing against the piston 
KLMN. We then gpt 

A = R CC\ 
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where C is the iK)int of application of the force R and CC is the length 
of the arc described by this point during the motion of the piston. But 

where S^v is the area of the piston-face LN. Consequently, 

/A^pSa^CC. (3.48) 

Comparing expressions (3:47) and (3.48), we will have 

Va^ad:d.= Su^'CC\ (3.49) 

But since the volume described by the piston ABDE is equal to the 
volume described by the piston KLMN, equation (3.49) can be written 
in the form i 

^L'LNN' Sui'CC^ (3.50) 

Note that Si^^ is simply the area of the figure Q in figure 3.20, and 
^L'LNN' the volume of the region obtained by the rotation of this 
figure. Since fornjula (3.50) is valid for any arc length CC\ in general, 

S'C€' " '(3.51) 

where V is the volume of the region generated, and S is the area of the 
figure 

The value of CC is determined by the length of the arc described by 
the point C as the figure is revolved. But the point C has a simple geo- 
metric interpretation. Since it is the center of pressure of the wall LI\f 
and the pressure is uniform at all points of this wall, the point C coin- 
cides with the center of gravity of the 'figure Q. Consequently, the arc 
CC is the arc described by the center of gravity of this figure. 

Let ils^ply equation (3.51) to the body drawn in figure 3.20 (half of 
a body of rotation). In this case the arc CC" is equal to ttRc, where Rc 
is the distance of the' point C from the axis of rotation. Consequently, 
the volume of the body under consideration is equal to Stt Rc. But 
since this volume is half that of the complete body of rotation, we can 
write 
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hence, 

We now have the following theorem: 

Theorem -'3.2. The volume of a body of revoluthnis equal io the area 
of the figure from which it is obtained multiplied by the length of the 
circumference of the circle described by the center of gravity of this figure. 

This theorem is known as Guldin's first theorem.' 

Another proof of Guldin's first theorem. 
Suppose that the plate Q is free to rotate 
about the horizontal z-axis (figure 3.22 
shows the view from above). We shall 
assume that Q is a material figure of 
weight P. The plane' of the plate is hori- 
zontal and passes through the r-axis. 
Rods 1 and 2 are assumed weightless. ■ 

The weight of the plate creates a rota- 
tional moment with respect to the z-axis. 
This moment is equal to 

M^P) = PRc; (3-53) 

where Rc is the distance from the center of gravity of the figure Q to 
the z-axis. But 

P^yS, . ' "(3-54) 

where 5 is the area of the figure Q and y is its specific weight. (We 
assume the figure is homogeneous.) Consequently, 




MAP) = ySRc . ' ^3.55) 



The product SRc is called the static moment of the area S with respect 
to the 2-axis. We shall denote it by MAS), that is, 



MAS) = SRc . 



(3.56) 



5, Paul Giildin (1577-1643), Swiss mathematician known for introducing the 
centrobaric method. 
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Before proceeding with the proof, we should investigate this new term 
carefully. Comparing equations (3.53) and (3,56), we see that formula 

(3.56) is obtained from formula (3.53) by the substitution of S for P. 
Loosely speaking, therefore, the static moment of area is the moment 
"created by the area" of the figure under consideration. Moreover, 
from equations (3.55) and (3.56), it is clear that the static moment of 
area can be viewed as the moment created by the weight of a figure for 

' which y — I. 

From equations (3.55) and (3.56) it follows that 

M^P) = yM^iS) . (3.57) 

This relation serves as a conversion formula for the moqjent of weight 
and the moment of area. 

Let us divide the plate into several parts. We will then be able to write 

M^P)'= MJ^POi- Mj{P^ + ...+ MJ(P^, (3.58) 

where Pi,Py,...,P^ are the weights of these parts. (Note that we have 
used the rule that the moment of a resultant is eijual to the sum of the 
moments of the forces of the system.) Using the conversion formula 

(3.57) for each moment, we obtain 

yM^S) = yM,{S,) + yAf^S^) + ••• + yMJiS,) . 

Finally, dividing this equation by y (or. setting y --^ l)„wc arrive at the 
following rule: 

. Rule 3.K If the area S consisis of the areas S^, . . 5^, then 

Af,iS) - M,(S\) + MJiS.^) + • . • + M,(5J . (3 .59) 

We shall now use this equation for the proof of Guldin's theorem. 

Suppose in figure 3.22 that the plate 0 is a rectangle with one of its 
sides parallel to the z-axis (fig. 3 J3). The volume of the body of rotation 
which is obtained is expressed by 

or 

V ^ 2n{R, - R,)h ^1^1 . (3.60) 



-4. » / 
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and 
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Where. S is the area of the rectangle and C its center of gravity. 
Consequent!)^ 



that is, 



(3.61i 



where Af^^S) is the moment of ar^ of the r^tangle with respect to the 
axis of rotation. 

Let us now substitute an arbitrary figure Q for this rectangle (fig, 
3.24). We divide this figure into a lar^ nimiber of nanow strips and 
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Fig. 3.24 



approximate each of these strips by the rectangle inscribed in each strip. 
If n denotes the number of strips, and we allow this number without 
bound, the approximations become successively better. We then have 

where V is the' volume of tfe body obtained by the rotation of the 
figure Q and Vu ^"2, * - , Vn are the volumes of the bodies, obtained by 
the rotation of each of the rectangles. But according to (3.61), * 

^ K^-27rM,(5J. 
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Consequently, ^ ^ 

F « 2ir- lim [MJ(S,) + M,(S2) + • • • 4- M,{Sn)] (3.62) 

where Su ^a, . . S„ are the areas of the rectangles. But according to 
(3.59) the sum inside the square brackets is equal to the static monient 
of the area of a cross section (the are^ bounded by the boldface lines in 
figure 3.24). But since this figure converge to the figure g as ;a oo, 

7 

lim IM,{S,) + M^5a) + • • • + M,iS^)] = M^S) . 

where M,(S) is the static moment of the area bound€;d by the figure Q. 
Therefore, equation (3.62) takes the form 

V=27rMJ,S). (3.63) 

Formula (3.63) shows that th© volume of the body obtained by the 
rotation of a plane figure is equal to the static moment of its area* multi- 
plied by 277. Using expression (3.56), this implies 

V=2nRcS, 

which proves Guldin*s theorem. 

3-7. The Volume of a Sphere 

The region determined, by the rotation of a semicircle about its 
diameter forms a sphere. Substituting into the formula given above, 
the volume of the sphere may be expressed as 



V^2.-0C^,^ 

where C is the center of gravity of the semicircular plate (see figure 3 
But according to formula (3.10) 

and, consequently, 

4R 7r/?3 
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The strength of Guldin's tHeorcm lies in its applicability to a large 
number of diflfcrciit.soIids^Wc will give several further ex^plcs. ' 

\. A circular cylinder. Referring to figure 3.25, it is clear that the 
volume of a circfular cylinder may be given by 



where R is the radius of the cylinder and H ^^ its alti 




H 




Fig. 3*26 



2. A cone, A crjpular cft^e can be viewed as a body obtained by the 
rotation of a right triangle about one of its legs (fig. 3.26). The center 
of gravity of a triangle is located at the point of intersection of its 
medians. Consequently, Rc is equal to /J/3, and we obtain the familiar 
expression for the Volume of a cone; 



. ^ ^ ^ RRH nR^n 



3, A torus, A torus is a body obtained by tl?e rotation of a circle 
about an axis lying in the same plane as the circle (fig, 3.27): In accord- 
ance with Guldin's theorem, the volume of a torus is equal to 
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Fig. 3^7 Fig. 3.28 . 

4. Suppose that a circular segment rotates about the (fiametcr parallel 
to its chord (fig. 3.28). The volume of the ring-shaped body -obtained is 
»|ual to 

V = 2vOCS, 

where OC is the distance from the (»nter of the circle to the center of 
gravity of the se^ent. But aoiording to (3.15), 



OC 
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where / is the length of the chord of the segment. Therefore, 

6 , 
It is interes^g to note that the volume w^ich we have found depends 

only on /. - . 

We have, by no means, exhausted the applications of GukJm s 
theorem. For example, figure 3.29 shows a solid obtained by the rotation 
of a circular Segment about its chord. Since we know the location of 
the center of gravity of a segment, the reader might want to determine 
the volume of this sohd. 

5. Guldin's theorem is often useful to substantially reduce the num- 
ber of necessary calculations. Suppose, for example, that the square 
ABDE can rotate about the axis 00' (fig. 3.30). The volume of the 
confsponding solid of rotation can be found by computing the differ- 
ence between the volumes of the two inclined edges which form slices 
from a cone. This, however, is comparatively comphcated, since by 
means of Guldin's theorem, wc can immediately obtam 



whenrfl is the diagonal of the square. 




' .Fig,^3.29 ' . Fig. 3.30 

A similar 9;jtaniple is Illustrated by thr-following problem. A triangle 
rotates once about tl^ axis Zi and once about the axis zg. Given that the 
axis' za is parallel to (fig^ 3.31), how are the volume of the corre- 
sponding bodies of rotatioQ related? 

Guldinjs theorem allows one to solve this problem withou^ranying 
out any comptstations.vSirSce tjic medians of the triangle Intersect at a 
point which is' twice as far from the a^cis Z3 as it is from Zi, : F2 = 1:2, 
Supppsc that a homogeneous material figure Q \ic^ in a horizontal 
plane (fig. 3.32). If we allow it to rotate about the horizontal axis OO' 
passing through its^c^ntcr of gravity, it will remain in cquilibriuni^ 
Consequent])^* 

where y is the specific weight of the figure, 5^ and 5a arc the areas of the 



0 




0 

Fig. 3.3i Fig. 3.32 
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two parts divided by the line 00', and Ri and are the distances of 
the centers of these parts from the line 00'. Multiplying the above, 
equation .by 2ir/y, we will have 

27ri?iSi = IttRuS^ . (3.64) 

Equation (3.64) shows that the volumes of the two distinct solids 
obtained by rotating the left and right halves of this figure about the 
?uis 00' are the same. *** 

This result is valid for any plane figure and any straight line passing 
through its center of gravity. Suppose, for example, that the triangle 
ABC rotates about the median BD (fig. 3.33). Then the volumes of the 
bodies described by the triangles ABD and BDC are equal. 

7. In alLthe examples up to this point, Guldin's theorem has been 
used stridly for the calculation of volumes. It is possible, however, to 
use it in another way. Knowing the volume of a body of revolution, we 
may find the center of gravity of the figure from which the body is 
obtained. Let us consider two examples. 





Fig. 3.33 



Fig. 3.34 



a. Suppose that a triangle with sides a, b, and c rotates about an axis 
lying along the side a (fig. 3.34). The volume of the resulting solid can 
be easily computed by adding together the volumes of the two cones. 
In this way we obtain the formula 

y^ere is the altitude dropped to the side a. Applying Guldin's theo- 
rem to this triangle,* we now have < 



or. 



Rc - ih. 
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Thus, the center of gravity of this triangle lies at a distaMe ^h^ from 
side a. Arguing in the sariic way, we may deduce that it li& at distance 
and from sides 6 and c, r^pcctivcly. But only one point of the 
triangle possesses this property— |he point of intersection of its medians. 

b. As a second example, wc shall find the center of gravity of a half- 
disc* Applying Guldin*s Ihcorem to the sphere, we obtain 



where 0 is the center of the disc and C the center of gravity of the half- 
disc. Consequently, 



(3.65) 



Formula (3.65) defines the position of the center of gravity of a half- 
disc. 

Of course, ^if we derive formula (3.65) in this way, 
we may be accused of circular reasoning if we use the 
formula to compute the volume of a sphere. We can, 
however, use it to compute the volumes of certain 
' other bodies, for example, the body shown in figure 
3J7 (see equation (3»42) on p. 37). Thus, Guldin's 
theorem allows us to compute the volume of this body 
starting from the formula for the volume of a sphere, 
We can find other examples of this kind. Suppose; for 
example, that a half-disc rotates about the z-axis (fig. 
3.35). The volume of the resulting body of rotation can 
be found by cdmputing the difference Rc = R — OC, 
applying formula (3,65). Consequently, by assuming 
the formula for the volume, we can compute the volume of this body of 
rotation. (Note that this body is not the '*sum'' or difference" of 
solids whose volumes arfe known. For this reason, a direct computation 
of its volume turns out to be difficult.) 




3.9. The Surface of a Body of Rotation (Guidin's Second Theorem) 
Let us first introduce two new concept^ 

1, The tangent. Let us take points M and M' on the curve 4B and 
draw the secant MM' (tig. 3.36). We now*fix the point M and bring the 
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Fig. 3.36 



Fig. 3.37 



point M' arbitrarily close to M. The secant MM' will then approach, 
as a limit, the position MP. The Ime MP is called the tangent to the 
curve AB at the point M. 

2. The normal. Let us take a point Af on a plane curve (fig. 3.37). 
We drdw the tangent MP and the line MN perpendicular to MP through * 
the point M. The line MN is caUcd the normal to the given curve at Jhe 
point M. Loosely speaking, we may refer to it as the perpendicular to 
the curve at the point M. 

Let us now consider the arc y4S.of a plane curve (fig. 3.38). We take 
an arbitary point C on the curve, draw the normal through this point, 
and mark off a small segment CC of given length d along the normal. 
Drawing such segments at^ch point of the arc AB, we may define a 
curve A'B' as the locus of the endpoints of these segments. It is possible 
to prove that each of the segments CC is normal not only to the curve 
AS, but also to the curve ^'5'. Therefore, the distance CC can bfe 
viewed aS the width of the strip AA'S'B. Since this width is the same 
at all points along the curve, we will say that the strip AA'B'B has 
■ constant width. ' . , 

^ Suppose that a narrow.strip AA'B'M has constant width d androtates 
about the axis 00' (fig! 3.39). Denoting the volume of the resulting 
body by V, we may apply Guldin's first theorem to write 



V = IttRc'S 



where C is the center of gravity of the figure AA'B'B. Let us now fix 
the arc AB and begin to decrease d We will then have 



lim ^ 

(t-*0 u 



(3.66) 



But, as d becomes very small, the following approximations hold: 
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where Sab is the area of the surface obtained by the rotation of the ait; 
AB and J^s is the length of this arc. From these relations we conclude 
that 



and equation (3,66) takes the form 

Sab = 2^(lim 



(3.67) 



Furthermore, since th^ strip AA'B'B has constant width, for very small 
d its center of gravity will be close to the center of gravity of the arc ABf 
Therefore, sl& a limit we have 



. lim Rcf = » 



(3,68) 



where C the center of gravity of the arc AB, Substituting (3,68) into 
(3,67), we have 

Sab = 27r/?<;/^B , 
or, dropping the index AB, ' 

S = InMj . (3-69) 
Equation (3.69) expresses the foliow^g theorem: 
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Theorem 3.3. The surface of a body of rotation is 'equal to the length 
of the curve from which this surface^ is obtained multiplied by the circum- 
ference of the circle described by the center bf gravity of the curve. 

The theorem just proved is called buldirfs second theorem. 

Another proof of Gf^din's^^econd theorgm. Just as in section 3.6 we 
introduced the concept of the static moment of area, we can introduce 
the concept of the static moment of length. " ' 

Let us consider a material plane cucve L (fig. 3.40). We place it ifra 
horizontal plane and J(Sm\t\o the horizontal z-axis lying in this plane 
by means of weightless rods 1 and 2. We^ allow it to rotate about this 
axis. 

The force of the weight of this curve creates a certain moment with 
respect to the z-axis. This moment is equal to 

where P is the weight of the curve /. an4./?c is the distance from its 
center of gravity to the z-axis. But 

P = yl 

where y is the specific weight of the curve and / is its length. Conse- 
quently, 

MXF) = ylRc . 

The product IRc is caHed the static moment of the length / with respect 
to the 2-axis. Denoting it by M^,(/), wc can write 

Mil) ^ IR^. . ' . (3.70) 

The static moment of length is equivalent to the moment created by the 
weight of a curve when y 1. 

If we divide the curve into parts /j, ...,/„, we will then have 

M.il) - MAli) + Mlk) + ■■■+ M,ik) . (3.71) 

« 

Ififua^^^^ (3.7!) allows one to prove Guldin's second theorem without 
difficulty. 

We will use a formula for the surface area of die side of a truncated 
cone to compute the area of the surface generated by the segment AB 
(fig. 3.4!). This yields the cquc^ion 



5,9 
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Hiis may be written in the form 



5^B - 27r( 



AB 




and since 

we have that 
that i^. 



— 9 



Sab = 27r/^/ic , 



where M^iUs) is the static moment of ^he segment AB with respect ^to 

the axis of rotation. ^ . 

Let us now substitute an arbitrary plane curve 
for the segment AB (fig. 3.42). We approximate 
it by a broken line consistina of n segments and 
suppose that n ^goes to infinity and that the 
lengths of the segments converge to^ zero. We 
^ then have 

• S= lim(i, + 13.73) 

where S, S^,.S,„ ...,S„ are the areas of thiS sur- ^ 
, faces obtained fey rotating th^giveh curve and^ 
each segment approximating the feurve. The areas 
Si, ^2, . . ^^n, however, cart»be represented in 
t-he fornip.72), which pormits us to write (3.73) 
as 



Fig. 3.42 as . ^ . i 

S = 1-rr lim \Mlh) + -iW,(/3) + • • • + ^,(/n)] , * 
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that is, 

S = InM^il) , (3.74) 

where MJ,l) = lim„..<^ [MJ,li) + •; + M,(h)] is the static moment. of 
the given curve with respect to the z-fxis. Substituting (3.70) and (3,74), 
we can now write 

S = IttRcI . 

This equation expresses Guldin's s^ond theorem. 

3.10, The Surface of a Spb^ ^ 

Suppose that a semicircle is rotated about its diameter. Applying 
Gpldin's second theorem, we may write 

where O is the center of the circle and C is the center of gravity of the 

semicircle (jfig. 3.11). Furthermore, we derived in equation (3.22) that 

< 

and, therefdrc, 

2R ' 

IT 

Consequently, the surface area of a sphere is equal ti) % 

^ ^ 

3*11. .The Surfaces of Certain Other Bodies of Rotation 

Using Guldin's theorem, we can compute t^e area of a number of 
surfaces of rotation. Let us c6nsidcr sev5ra( examples- * 

L A to^us. Since the center of gravity^af a ctrcle lies at its geometric 
center, the surface area of a torus (Qg^ 3.27) is equal to 
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2* A spherical strip.TluBmrfdmh oh- 
tain^ by t]be rotation of ti^ material arc 
AB about the diameter PQ (fig, 3.43). 
From GuldiA's theorem we have 

S = 2ir*C'C./, 

•< 

where C is the center of gravity of the arc 
AB and / is its length. Furthermore, as 
is clear from the sketch, 
* «g. 3.43 

^ C'C = OC sin j8 and / = ZRo . 

Therefore, « ^ *< 

Equation (3.21), however, tells us that OC ii(sin a/a). Consequently, 

5 = 2i!r/? sin i3-2/?a - 27r/?-2/i sin a sin jS . 

Since 

2i? sin a = / , 

we now have 

S = 27ri?-/sin^. 

Again referring to the sketch, we note that the second factor of this 
product is. equal tp the altitude of the spherical strip (that is, the projec- 
tion of the ch^td AB onto the diameter PQ). Denoting this altitude by 
H, we fmaily obtain the formula . " • 

S = 2nRH . 

3. Suppose that the square shown in figure 3.30 rotates about the 
axis 00'. The surface area of the resulting solid is equal to 

S f 2./?c/ = 27.(a + ^) -4 ^ - W(2)«^ . 

4. Guldin's theorem allows one to determine the center of gravity of 
certain curves. For example, knowing the surface area of a sphere, we can 
find the center ol" gravity of a semicircle. In the same way, by assuming 
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the formula for the surface area of a spherical strip, we can easily derive 
the center of gravity of a circular arc. This permits us to co;npute 
the area of the surface formed by the rotation of this arc about an 
arbitrary axis. In this way, in particular, it is possible to find the surface 
area of the body shown in figure 3.29. , 

3*12, Conclusioa 

T||e proofs presented in this book might suggest certain questions. 
For example, one might ask whether or not we have used circular 
reasoning in any of the arguments. In the proof of Pythagoras* theorem 
we assumed the law of moments. This law is derived in physics with the 
htlp of certain physical and also geometric concepts. We can therefore 
ask whether or not Pythago/as' theorem was used in its derivation. 
* FortuiiJtely, an analysis of the .usual derivation of the law of moments 
shows that it is based only on the axioms of statics and on certain 
theorems of similar triangles. In ^his instance, at least, we have avoided 
. circular reasoning in the proof. Wc need to say the same thing about the 
■ other physicaMaws which we have assumed in this book*i We have not 
"assumed a law t^at is based on any of the theorems which were proved 
by using 4 hat law-. ^ 

V?e might asi/a second question: To whjft extent are the idealizations 
which wc have Vised on various (Kcasions fx^j-missibie? In the third 
chapter, for example, we b%an with the concept of a line having weight 
but no thickness, which ^s admittedly impossible. To' answer this 
question, we should pointy hut that these idealisations are essentially 
the same as those used in*geom>try, where one speaks of a point ** with- 
out length or width," ^nd of a IIejc *' without thioiLness/' Aline having 
weight but not thickness is an 4bstraction of the same kind, arising 
from the representation of a tWn blJrvcxi ro.d with a definite weight, but 
a thickness so slight that it ca^ be neglected. In this respect, it is possible 
to make further abstraction's, and rather than usitfg weight the 
central property, assign lo^l line some other physical property, such as 
. flexibility or elasticity, in /this sense it would, for g;ife^i^nple, be possible 
to speak of a line having' no thickness but having elastK^?*p^^^P^^lics, A 

prototype of such a line would be a thiii rubber iilamcnt.^^ 
, . ft . 

, (), The idea of a ficxillh' line occurs in V. A, Uspenskii's hook; Some Applica- 
tions of Ma haniis to Mathematics York: Hlaisdell Puhiishing Company, 
1961). The concept of an I'lastic line occurs in i... A. Lyusiernik's book, Simrtt'St 
Paths: Variatiot^ii Pmihicms (London: P<i"gamon Press, 1964) [translalcd ind 
acftipied by the Survey ol" l^^ccnt I'ast i^lropean .Maihcniatical Liieraujrej. In 
ihcsc books these concepts are used lor Ipe pF04>f of certain geometric llfcorems. 
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We might, finally, ask a third question: ®o we have a right to use 
such nongeometric axioms as the rule of the paralleiogr^m of forces or 
the postulate on the impossibility of perpetual motion? Since we intro- 
duce nongeometric objects (such as forces), however, we must introduce 
axioms describing the properties of these objects. Therefore, the use of 
nongeometric axioms in this case is natural. We can say that the proofs 
presented in this book are based on a system of concepts and postulates 
from the realm of mechanics, rather than the usual system from the 
re^lm of geometry. The fact that we are able to prove purely geometric 
. theorems from^ these tinusual postulates testifies to the coj*sistency of 
our ideas the physical world. 
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